Abstract. Let f : C → R 3 be complete Willmore immersion with Σ |A f | 2 < +∞. We will show that if f is the limit of an embedded surface sequence, then f is a plane. As an application, we prove that if Σ k is a sequence of closed Willmore surface embedded in R 3 with W (Σ k ) < C, and if the conformal class of Σ k converges in the moduli space, then we can find a Möbius transformation σ k , such that a subsequence of σ k (Σ k ) converges smoothly.
Introduction
Let f : Σ → R 3 be an embedding. We define the first and second fundamental form of f as follows:
Let H = g ij A ij be the mean curvature, and K be the Causs curvature. It is well-known that (1.1) H = Hn = ∆ g f.
We say f is minimal, if H = 0, and Willmore if H satisfies the equation:
Note that (1.2) is the Euler-Langrange equation of Willmore functional [19] :
Now, we let f be an embedding from C into R 3 . We assume f is complete, noncompact, with C |A| 2 < +∞. It is well-known that when f is minimal, f must be a plane [15] . In this paper, we will show that such a result is also true when f is Willmore: Theorem 1.1. Let f : C → R 3 be an complete Willmore embedding. If C |A| 2 < +∞, then f (C) is a plane. Remark 1.2. In [4] , Chen and Lamm has proved that any Willmore graph over R 2 in R 3 must be plane, whenever it has finite A L 2 .
The author is partially supported by NSFC Project 11131007 and NSFC Project 11371211. 1 Luo and Sun proved that if the Willmore functional of the Willmore graph is finite, then A L 2 is finite [13] . However, this is not true for an embedded Willmore surface. For example, helicoids are embedded minimal surfaces (W = 0), but have infinite A L 2 .
Next, we will show that Theorem 1.1 still holds if we replace 'embedding' with 'the limit of an embedding sequence': Theorem 1.3. Let f : C → R 3 be a conformal complete Willmore immersion with C |A| 2 < +∞. If there exist R k → +∞ and embedding φ k : D R k → R 3 , such that f k converges to f in C 1 (D R ) for any R, then f (C) is a plane.
As an application, we will prove the following: Theorem 1.4. Let Σ k be a sequence of closed Willmore surface embedded in R 3 . We assume the genus is fixed and W (Σ k ) < C. If the conformal class of Σ k is contained in a compact subset of the moduli space, then we can find Möbius transformation σ k , such that σ k (Σ k ) converges smoothly. Remark 1.5. Let Σ k be a Willmore surface immersed in R 3 and R 4 . Bernard and Riviére
, modulo the action of the Möbius group, {Σ k } is compact. By results in [8] ( see also [17] ), when W (Σ k ) < min{8π, ω n g } − δ, the conformal class of Σ k must be compact in the moduli space. Moreover, by Li-Yau's inequality [11] , Σ k is an embedding when W (Σ k ) < 8π.
When f has no branches at ∞, Theorem 1.1 and Theorem 1.3 can be deduced directly from the removability of singularity [9] and the classification of Willmore sphere in S 3 [2] . In fact, the results in [2] imply the following: Lemma 1.6. Let f : S 2 → R 3 be a Willmore immersion. If f has no transversal selfintersectiones, then f is an embedding and f (S 2 ) is a round sphere.
Then, to get Theorem 1.1 and 1.3, we only need to prove f has no branches at ∞. For this sake, we will prove the following:
3 be a smooth conformal complete embedding with
If there exists embedding φ k : 
, where r k → +∞. Let H k , A k be the mean curvature and the second fundamental form of f k respectively. By (1.1),
Since
, and lim
, we get
Applying elliptic estimates, we have f k W 2,2 (Dr\D 1 r ) < C(r). Thus we may assume f k converges to f 0 weakly in
Let A 0 be the second fundamental form of f 0 . Obviously,
then C |A 0 | 2 = 0 and the imagine f 0 is in a plane. Without loss of generality, we may assume w(∞) = 0 and f 0 = (z m+1 , c).
and
Then F k is C 1 -smooth on Σ k with no critical points when k is sufficiently large. Obviously, {y ∈ Σ k : F k (y) = 1} consists of compact C 1 smooth 1-dimensional manifolds. Since ϕ k → z m+1 and f k is an embedding, {z : F k = 1} has at least 2 components.
That is to say that
} has at least 2 components, and on each component Ω i , we can find y i such that F k (y i ) = 1.
Let
Recall that for any fixed small ǫ, when k is sufficiently large, we have
We may assume
It is a contradiction to the fact that Ω 1 and Ω 2 are different components. ✷ 2.2. The proof of Theorem 1.1. By a result of Huber [7] , we may assume f to be conformal. Without loss of generality, we assume
whenever r > 2R. Let Σ be the image of embedding f : C → R 3 . We deduce from Lemma 1.7 that
Let y 0 / ∈ Σ and I(y) = y−y 0 |y−y 0 | 2 . By Lemma 4.3 in [10] , I(Σ) can be extended to a smooth closed surface. It is easy to check that I(Σ) is an embedded Willmore sphere. By Lemma 1.6, I(Σ) must be a round sphere, which implies that Σ is a plane. Then we get Theorem 1.1.
Compactness of a Willmore embedding sequence in R 3
In this section, we first prove Lemma 1.8, then prove Theorem 1.4. Since the proof of Theorem 1.3 is very similar to Theorem 1.1, we omit it.
3.1. The proof of Lemma 1.8. We assume g = e 2u g euc , with u = m log |z| + ω, where m is a nonnegative integer and lim z→∞ ω(z) exists. Similar to the proof of Lemma 1.7, we let f 0,n (z) =
, where r n → +∞. we may assume f 0,n converges to (z m+1 , c)
in
Then, we can find k n , such that φ kn (r n z) converges to (z m+1 , c). Then using the the arguments similar as we prove Lemma 1.7, we can finish the proof of Lemma 1.8.
3.2.
The proof of Corollary 1.4. Let f k be conformal immersion of (Σ, h k ) into R 3 , where h k is a smooth metric with constant curvature. When the genus of Σ is 1, we assume µ(h k ) = 1. Since the conformal structure induced by h k converges in the moduli space, we may assume h k converges smoothly to h 0 . By results in [8] , we may find Möbius transformation σ k and a finite set S, such that σ(f k ) = 1 and
Let f 0 be the limit, which is a branched W 2,2 -conformal immersion. Thus f 0 is continuous on Σ.
The following theorems will be useful, see [5] , [16] for proofs respectively.
Theorem 3.1. Let g k , g be smooth Riemannian metrics on a surface M, such that g k → g in C s,α (M), where s ∈ N, α ∈ (0, 1). Then for each p ∈ M there exist neighborhoods U k , U and smooth conformal diffeomorphisms 
|A|
2 dx < ǫ 0 , and |u| < λ,
where ∇ = ( 
If there exist r k → 0 and embedding f k : D\D r k → R 3 , which converges to f in C 1 (D\D r ) for any r < 1, then for any sufficiently small r
Proof. Set g = e 2u g euc . Using Proposition 4.1 in [8] , f ∈ W 2,2 (D), and
where m is positive integer and ω ∈ C 0 (D). Moreover, we have
Without loss of generality, we assume
Hg, which is the traceless part of A. It is well-known that
Putg = e 2ũ g euc . We haveũ = u − log |f | 2 . By Gauss curvature equation
we get
) satisfies the conditions of Lemma 1.8.
Setf (z) =f (1/z), andĝ = df ⊗ df = e 2û g euc . We havê
Applying Lemma 1.8 (2.3) and (2.1), we get m = 0. ✷ We define
We need to prove S ′ is empty.
Assume S ′ is not empty. Given a point p ∈ S ′ , we choose U k , U, ϑ k , ϑ as in Theorem 3.1, and assume p = 0. We can choose U k such that U k ∩ S ′ = {p}. Let
and note thatf k is a conformal map from D into R 3 . Let
Note that 0 is the only point in D which satisfies
, and
, where
Then by Theorem 4.1 and Theorem 3.2,
, we may assume τ k → τ 0 > 0. Then f 
Since S(f ′ k ) is a finite set, we can choose θ 1 < θ 2 , such that (3.1)
By (3.1) and Theorem 3.2 and Theorem 4.1, f k converges smoothly near Γ(θ 1 , θ 2 , 1).
Following the method we get f ′ 0 , we obtain that f θ 2 , t) )) = 0. It contradicts (3.2). Thus f ′′ 0 is complete, noncompact and has at least 2 ends. Now, choose y 0 such that Then, using the argument in [8] , we get u k L ∞ (Σ) < C (this can also be deduced from Theorem 4.1). Given a point p ∈ Σ, we choose U k , U, ϑ k , ϑ as in Theorem 3.1, and assume p = 0. 
The proof of the following theorem can be found in [12] . But for the convenience of the readers, we provide a proof in this appendix.
n be a smooth conformal immersion which satisfies 2) f k (D) can be extended to a closed immersed surface Σ k with
Take a curve γ : [0, 1] → D, and set λ k = diam f k (γ). Then we can find a subsequence of f
. We have two cases:
Then by Helein's convergence theorem [6, 8] 
We take a point y 0 ∈ R n and a constant δ > 0, s.t.
. By conformal invariance of Willmore functional [3, 19] , we have
Next, we prove that f 
we get ∇f ′ k W 1,2 (Dr) < C. We complete the proof. ✷
